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Abstract 

The aim of this paper is to study the semi-classical behaviour of Schr6dir\ger's 

^ . dynamics for an one-dimensional quantum Hamiltonian with a classical 

"t^ ' hyperbolic trajectory. As in the regular case (elliptic trajectory), we prove, 

that for an initial wave packets localized in energy, the dynamics follows 

the classical motion during short time. This classical motion is periodic 

and the period T;,„„ is order of |ln/z|. And, for large time, a new period 

Trcv for the quantum dynamics appears : the initial wave packets form 

^ ' again at f = Trev- Moreover for the time t = f ^'fo ^ fractionnal revivals 

^D , phenomenon of the initial wave packets appears : there is a formation of a 

^■f-N ■ Schrodinger's dynamics, revivals of wave packets, semi-classical analysis, hy- 

I • \ perbolic trajectory, Schrodinger operator with double wells potential. 
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1 Introduction 

1.1 Context and motivation 

For P}, a pseudo-differential operator (here h > is the semi-classical parame- 
ter), and for ipQ an inital state the quantum d5mamics is governed by the famous 
Schrodinger equation : 

''' 3f = Phm- 

In this paper, we present a detailed study, in the semi-classical regime h ^ 0, 
of the behaviour of Schrodinger's d5niamics for an one-dimensional quantum 
Hamiltonian 

P,, : D (P,,) c l2 (R) ^ L^ (R) 

with a classical h5^erbolic trajectory : the principal symbol p e C°°(]R^, R) of 
P;, has a hyperbolic non-degenerate singularity. 

Dynamics in the regular case and for elliptic non-degenerate singularity 
have been the subject of many research in physics [Av-Pe], [LAS], [Robil], 
[Robi2], [BKP], [Bl-Ko] and, more recently in mathematics [Co-Ro], [Rob], 
[Paul], [Pau2], [Lab2]. The strategy to understand the long times behaviour 
of dynamics is to use the spectrum of the operator P;,. In the regular case, the 
spectrum of P/, is given by the famous Bohr-Sommerfeld rules (see for example 
[He-Ro], [Ch-VuN], [Col8]) : in first approximation, the spectrum of Ph in a 
compact set is a sequence of real numbers with a gap of size h. The classical 
trajectories are periodic and supported on elliptic curves. 

In the case of hyperbolic singularity we have a non-periodic trajectory sup- 
ported on a "height" figure (see figure 2). The spectrum near this singular- 
ity is more complicated than in the regular case. Y. Colin de Verdiere and B. 
Parisse give an implicit singular Bohr-Sommerfeld rules for hjrperbolic sin- 
gularity ([Co-Pal], [Co-Pa2] and [Co-Pa3]). This quantization formula is too 
implicit for using it directly in our motivation. In [Lab3] we have an explicit 



description of the spectrum for an one-dimesional pesudo-differential operator 
near a hjrperbolic non-degenerate singularity. 

1.2 Results 

With above description, we propose a study of quantum d5n-iamics for large 
times (^ lln/?!) • We prove that for a localized initial state, at the begining the 
dynamics is periodic with a period equal to T;„,„ = C \lnh\ (see corollary 5.12). 
This period Tf^yp corresponds to the classical Hamiltonian flow period. 

Next for large time scale, a new period Trev of the quantum d5n-iamics ap- 
pears : this is the revivals phenomenon (like in regular case [Co-Ro], [Rob], 
[Paul], [Pau2], [Lab2]). For t = Thyv the packet relocalize in the form of a 
quantum revival. 

We have also the phenomenon of fractional revivals of initial wave packets 
for time t = ^Trevr ^th ^ G Q : there is a formation of a finite number of 
clones of the original wave packet ^q with a constant amplitude (see theorems 
6.18, 6.19 & 6.20) and differing in the phase plane from the initial wave packet 
by fractions ^Tftyw (see theorem 6.15). 

1.3 Paper organization 

The paper is organized as follows. In section 2 we give some preliminaries 
about the strategy for analyse the dynamics of a quantum Hamiltonian. In this 
section we define a simple way to understand the evolution of f i— > !p(f ) by the 
autocorrelation function : 

c{t):=\{^p{t),^Q)^\. 

In section 3 we describe the hyperbolic singularities mathematical context; we 
also recall the principal theorem of [Lab3]. This theorem provides the spectrum 
of the operator P^ near the singularity Section 4 is devoted to define an initial 
wave packets i/^o localized in energy. In part 5 we prove that the quantum dy- 
namics follows the classical motion during short time (see corollary 5.12). This 
classical motion is periodic and the period T/;„„ is order of | In /z | . In the last part 
(part 6) we detail the analysis of revivals phenomenon, see theorem 6.7 for full- 
revival theorem and see theorem 6.15 for fractionnal-revivals phenomenon. 



2 Quantum dynamics and autocorrelation function 

2.1 The quantum dynamics 

For a quantum Hamiltonian P;, : D (P;,) C "H ^^ "H, "H is a Hilbert space, the 
Schrodinger dynamics is governed by the Schrodinger equation : 

With the functional calculus, we can reformulate this equation with the unitary 
group U{t) = \ e^'Ti^i' I . Indeed, for a initial state ipo e H, the evolution 



given by : 

2.2 Return and autocorrelation function 

We now introduce a simple tool to understand the behaviour of the vector ip{t) 
: a quantum analog or the Poincare return function. 

Definition. The quantum return functions of the operator P/j and for an initial 
state i/'o is defined by : 

and the autocorrelation function is defined by : 

<t):=\r{t)\ = \{ip{t),iPo)^\. 

The previous function measures the return on initial state. This function 
is the overlap of the time dependent quantum state xp{t) with the initial state 
ipQ. Since the initial state ipo is normalized, the autocorrelation function takes 
values in the compact set [0, 1] . Then, if we have an orthonormal basis of eigen- 
vectors (e„)„gjN : 

P/,e„ = \n{h)en 

with 

Al(/J) < A2(/z) < • • • < An{h)^ + oo; 

we get, for all integer n 



(e-'iP/.) e„ = (e-'i^"(")) 



e„. 



So for a initial vector i/'o G D{P}j) C Ti, let us denote by {cn)net^ = (cn(^))nGN 
the sequence of £^(N) given (c„)„ = n {xpo), where n is the projector (unitary 
operator) : 

{ Tp^< \p,e„ >-^ . 
Then, for all f > we have 

= E Cne-TM")e„. 



So, for alH > we obtain 



r{t)= E \Cn\^e^'TMh);c{t) 



neN 



E \c„\^e~'TMh) 



nelN 



2.3 Strategy for study the autocorrelation function 



The strategy, performed by the physicists ([Av-Pe], [LAS], [Robil], [Robi2], 
[BKP], [Bl-Ko]) is the following : 

1. We define a initial vector ^o = Y2 "-"^'^ localized in the following sense : 

the sequence {c„)„^f^ is localized close to a quantum number ng (depends 
on h and a energy level E G R). 

2. Next, the idea is to expand by a Taylor formula's the eigenvalues A„(/z) 
around the energy level E : 



KM 



Ag'(^) 



X„{h)=X„,{h)+X'„^{h){n-no) + ^^{n-nof + ^^{n-nof + 
(here Ang {h) is the closest eigenvalue to E), hence we get for all f > 



c(f) 









aLCO 



a;,' (/.) , 



3. And, for small values of t, the first approximation of the autocorrelation 
function c(t) is the function 



ci(0 := 



neN 



and for larger values of t, the order 2-approximation is 



C2(f) : = 



E l'^"! 



—T—in-no) + ^;j-(n-no) 



nelM 



In section 5 we study the function t i— t- ci(f) and in section 6 we study t i— > 

C2(0. 



3 The context of hyperbolic singularity 

3.1 Link between spectrum and geometry : semi-classical anal- 
ysis 

For explain the philosophy of semi-classical analysis start by an example : for 
a real number E > 0; the equation 

(where A^ denotes the Laplace-Beltrami operator on a Riemaniann manifold 
{M,g)) admits the eigenvectors q>i( as solution if 



h^ 



-At = E. 



Hence if h — > 0"*" then Aj. — ?■ +00. So there exists a correspondence between the 
semi-classical limit {h — ?■ 0+) and large eigenvalues. 

The asympotic's of large eigenvalues for the Laplace-Beltrami operator A<^ 
on a Riemaniann manifold {M,g), or more generally for a pseudo-differential 
operator P;„ is linked to a symplectic geometry : the phase space geometry. 
This is the same phenomenon between quantum mechanics (spectrum, opera- 
tor algebra) and classical mechanics (length of periodic geodesies, symplectic 
geometry). More precisely, for a pseudo-differential operator P/j on L^ (M) with 
a principal symbol p E C°°(r*M), there exist a link between the geometry of 
the foliation {p^^ W) ^fz^ arid the spectrum of the operator P;,. Indeed, we 
have the famous result : 

{P,, - Aid) Uh = 0{hn 

then 

MS{u,,) c p-^A); 

where MS{u}j) c T*M denote the microsupport of the function U;, E L^{M). 

3.2 Hyperbolic singularity 

In dimension one, a point (a^O/^o) G T*M is a non-degenerate hjrperbolic sin- 
gularity of the symbol function p E ^"{T*]^) if and only if : 

1. dp{xo,^o) =0; 

2. the eigenvalues of the Hessian matrix V^p{xQ, fg) are pairwise distinct; 

3. if, in some local symplectic coordinates (x,^) the algebra spanned by 
V'^P{xq, ^0) has a basis of the form q = x^. 

Remark 3.1. There exists analogue definition for completely integrable systems, 
see for example the book of San Vu Ngoc [VuN]. 

The canonical example in dimension 1 is the Schrodinger operator with double 
wells potential : 

we assume V E C°°(R), for all x E M, V{x) > C and lim V{x) = -Foo. Here 

\x\—>co 

the principal symbol of P/j is the function 

With the previous hypotheses on the potential V, the operator P;, is self -adjoint, 
the spectrum is a sequence of real numbers (An(/z))„>o and the eigenvectors 
{^")n>o "-"^ ^^ orthonormal basis of the Hilbert space ^^(IR) (for example see 
the survey [Labi]). We also suppose that the potential V admits exactly one 
local non-degenerate maximum. Without loss generality, we may suppose 

V{0) =0; V'{0) =0; V"{0) < 0. 

Then the foliation associated to the principal symbol p{x,^) = ^11 + ^(3;) 
admits a singular fiber Aq = p^^ (0). 




Fig. 1. & 2. On figure 1 (left) the potential fimction V{x). On figure 2 (right) the 
associated foliation in the phase plane. 



3.3 Spectrum near the singularity 

In [Co-Pal], [Co-Pa2] and [Co-Pa3], Y. Colin de Verdiere and B. Parisse gives 
an implicit singular Bohr-Sommerfeld rules. An explicit description is given in 
[Labs]. Record here this description. We take the presentation from the paper 
[Labs] and refer to this paper for more details. 



S.3.1 Some notations (see [LabS]) 

In [Co-Pal], [Co-Pa2], [Co-PaS] and [LabS] we have the smooth function E h^- 
e(E) defined for \E\ < S, where ^ is a real constant and not depends to h; (this 
function is linked to a normal form [CLP], [Co-Pal]) defined by 

We have (see [Co-Pal], [Co-Pa2], [Co-PaS] and [LabS]) the equality eo(0) = 



and £9(0) = 1/ J — V" (0). Hence, if we use the Taylor formula on the smooth 
function eq ; for all E E [—S, S] we get 



£(£) 



^= + 0(e2) + ^£^.(E)R 

-y"(o) /=i 



So, for A G [—1, 1]; and h small enough (for have [—h, h] c [—S, S]) we get 



£{Xh) 



Ah 



+00 



+ 0{h^) + J2 i^j{^h)h'. 

V"{0) j=i 



In the papers [Co-Pal], [Co-Pa2], [Co-PaS] and [LabS] we also use two smooth 
functions S+ and S^ : 



+00 

S+/-(E) = ^S+/-(E)/z/; 

;=0 



where the functions are E ^- Sj (E) are C°° smooth. This functions are usu- 
ally called singular actions. Let us also denote 0_|_/_(E) := S~'"'~(£)//z. This 
functions have a holonomy interpretation. In [Lab3] we consider the functions 

£ H^ F/i(E) and E i-> G;,(E) defined on the compact set [— <5, ^] by : 



2 2 h ^ ' °\ \2 h 

T is the Gamma function, and by 

G„(E) :^ M£)_ME) 

On the compact set [—1, 1], let us consider the functions A i— > /;,(A) and A i— )• 
ghW defined by : 

/,,(A):=F;,(A/i); g,(A) := G,(A/j). 

For finish, let us consider the functions A l-^■ 3^;, (A) and A l-^■ 2;, (A) defined on 
the compact set [—1, 1] by 

^; M^ ^ M^ I cos(g;,(A)) \ 



Z]j{A) := /;,(A) +arccos 



y^l + exp {2n£{Xh) /h) J ' 
cos(^;,(A)) \ 



^l+exp(27Te(A/z)//j)y 

We have the following result (see [Lab3]) : 

Proposition 3.2. For h small enough, the function y^ (resp. ZiJ is a bijection from 
[—1,1] onto y^ ([—1,1]) (resp. onto Z]^ ([—1,1])). Moreover on the compact set 
[—1,1] wehave 

y;M) = ^^^ + oii). 



-V"{0) 
Similaryfor the function Z^. 

Since the functions 3^;, et Zj^ are bijectives, we can consider 

A:=3^,7' : 3^h([-i.i])^[-i.i]; 

Bir-=Z-^ : Zft([-l,l])^[-l,l]. 
Notation 3.3. Let us denotes : 

h := {k e Z, 2nk e yh ([-1,1])} = ^''^^~J^^^^ n Z; 
/, := {£ e z, 27r£ e z, ([-1,1])} = ^^^itMl nz. 



3.3.2 The main theorem 

The main theorem of the paper [Lab3] is the the following : 

Theorem 3.4. [Lab3]. The semi-classical spectrum of P;, in the compact set 
is the disjoint irnion 



-Vh,Vh 



of two families (a/f(/2))j.and (/5£'(/z))^ such that ajt(/;) := hAh{lnk) e M, /5^(/i) : = 
hBii{2ni) G ]R. The functions A^ and S^ are C^ smooth. The families [cc^^ih])^, 
[[if{h))f are strictly non-increasing and : 

h+i{h) < ^k{h) < hW < at_i(/i). 

Moreover, the spectral gap is of order 0{h/ |ln(/i) |); e.g : there exists C, C > 
such that : 

^^ <Wk+iih)-a,{h)\<-^,-^<\[i,+^{h)-[i,{h)\< ^'^ 



Mh)\ - ' '^''^ ''^' - |ln(/z)|' |ln(;z)| " '^^+^^"^ ^'^^"^' " MhW 

Corollary 3.5. The number of eigenvalues in the compact set —\fh,\fh is oj order 
|ln(7t)|/V^. 

In this paper, for technical reason, we just use the shape of the spectrum 
in the compact set \—h, /;] c —\/h, Vh . More precisely we choose an initial 
wave packet ipo localized in a compact set of size h. Indeed, the estimates in 



lemma 5.1 and 6.1 are very difficult to enable in the compact set 



-Vh,Vh 



Notation 3.6. Let us denote by 0;, the set of index for eigenvalues into the com- 
pact set [—h,h]; e.g 

&h ■■= {n eN, A„(ft) e [-h,h]}. 

4 Some preliminaries 

In this section, we define partials autocorrelations functions, next we define an 
initial vector xpQ. And for finish, we introduce the set A c N, this set is useful 
for making estimates in sections 5 and 6. 

4.1 Partials autocorrelations functions 

Now, let be a initial vector i/'o = Y^ CnCn , then we have for alH > 

neN 

r{t) = J2 \c„\^ e-^TMh) + J2 \cn\^e-'TM''l 



IIG©/, n6N-0,, 

After, we let us consider an initial vector localized near the singularity in a set 
of size h; hence the second series 

nGlN-0;, 



will be equal to O ^,\\ca ■ Next, the idea is to use the families (a/f(/z))j. and 

{fie{h))(, from the theorem above : as the eigenvalues of P/j in the compact set 
[—h,h] are distinct; for all index A: G I;, and £ G J/, there exists a unique pair 

{cr-i{k),cr2{i)) e &l such that : 

M,,(27Tfc)=A^j(t)(7i) 

hBn{2ne) = X,^^,^{h). 
So, we can consider the applications : 

r h^&h ( h^&h 

ij\ : < and (72 : < 

[ k^aiik) [ e^a2{e). 

Clearly, this applications are rnjectives; hence Ij, is isomorphic to ^^(If,) (simi- 
lary for J;, and (72(J;j)). Moreover we have 



&h=criilh)\J^2ih)- 



So, we get the equality : 



r(f)= Y^ \c,\^ e-'iM''^ + Y^ \cfe-'TM'^ 



2^-ii^n{h) 



-E 

keiH 



-a^{k) 



+ E k«r^"'^ 

neN-0,, 
■g-/tA(27r»:)_^ y- 



-a^ii) 



-itBi,(2nt) 



Y IcI^e-'i^-W. 



nGlN-0,, 

Now, our goal here is to study the series fi-^aetfi— 7-b(f): 
Definition 4.1. Let us consider partial autocorrelation functions 



a(0 := E 

fcGl,, 


Ca,(k) 


^ ^-itA,,{2TTk 


\ b(0 : 


= E 


4.2 Choice of initial state 






4.2.1 Prologue 











-^2(1) 



'itB,,(2n(.) 



Let us define an initial vector i/'o = E '-"^" localized near the real number hE 



(where E £ [-1,1]). 



neN 



Definition 4.2. Let us consider the quantum integers no = wo(/;, E) and otq 
mo(/i, E) defined by 

ng := argmin \hAf,{2Tin) — hE\ and nzg := argmin \hB}i{2nm) — hE\ . 

nGl/, mGl/, 



10 



Remark 4.3. Without loss of generality, we may suppose mq and niQ are unique. 

The integer uq (resp. twq) is the index of the eigenvalues from the family 
(ajt(/z))j. (resp. {ji£{h))^) the closest to the real number hE. As the spectral gap 
is of order 0{h/ \\n{h)\) there exists C > such that : 

|M;,(27rno) - hE\ < ^, \hBh{27zmo) - hE\ < ^^ 



\\nh\ 
So, we get : 

Lemma 4.4. As h — ?■ 0, zve have 

N , M 

h h 

where N and M non-null real numbers. 

Proof. We give the proof for the integer wq- As 



In/jl 



e.g. 



we get 



\Ah{2nno)-E\ < 
Ah{2nno) = E + 

Inno = yn (e + O 
( 



C 



\\nh\ 
1 

1 



fh[E + 



By definition : 



\\nh\ 



arccos 



In/z 

cos(gh(E + 0(^ 



\ 



yjl+exp[2m[hE + 0[jij^))/h)J 



fh{E + 



F,, ihE + O 



h 



\\nh\JJ "V V|ln^l 

6+ {hE + O {hi |ln(/z)|)) + 0_ {hE + O {hi \\^{h)\)) n 



^ e{hE + 0{hl\\n{h)\)) j^^^^ ^ ^^^ / /I ^ . £(/z£ + 0(/^/|ln(/z)|)) \ 



Hence, if we multiply 2nnQ by h we obtain 



2nnQh 



-h 



e+ {hE + O {hi \ln{h)\)) + 0_ {hE + O {hi |ln(/i)|)) 



+ -;z + e(/jE + 0(/t/|ln(/!)|))ln(/z)+/iargfrf-+z^ ^^^' ' ^ '^'' 



( 



-h arccos 



COs(^;,(E + 0(^ 



^Wl+exp^27r£^/;£ + 0(^^ 



//i 
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Let us evaluate this five terms. As the function 

„ e+ {HE + O (/;/ \hx{h)\)) + 9- {hE + O jh/ |ln(fe)|)) 

t^ 2 

admit a asymptotic expansion in power of h from —1 to +oo, we have 

^^ e+{hE + Oih/\ln{h)\))+e^ihE + 0{h/\ln{h)\)) ^ ^^^^_ 

more precisely, for h ^ 

6+ {hE + O {hi |ln(/!) I)) + 0_ {hE + O (/z/ |ln(/z) |)) 



Next: 

£(/jE + 0(/z/|ln(/t)|))ln(/i) 

For finish, as 



^-2(s+i(o) + s:i(o))7^o. 



arg I r I - + z 



/;£ + 0(/;/|ln(/;)|) 
v/-^"(0) 

1 ,£(/zE + 0(/z/|ln(ft)|))\ 



0(/z2 



0(1) 



Ln(/z) -^ 0. 



and 



/ 



arccos 



cosU, (E + 0(^ 



|ln/j| 



\ 



\^Wl+exp^27r£^/z£ + 0^^jjAjy 



Ofl) 



we get, for Jz ^ : 



.arg(r(l + z£l^^i±^M^«l))^0 



and 



h arccos 



cos(^,, (e + 0(p^ 



^0. 



Hence, 



^Wl+exp(^27r£^/zE + 0(^^jjAjy 



lim27Tzto/z = -- (Sli(O) + 5:^(0)) ; 



so we prove the lemma. 

4.2.2 First definition (non definitive) 

For technical reason, let us introduce the following sequence : 

Definition 4.5. Let us consider : 

hAh{2nnQ) if zz e (Ji(I;,) 
Fn,0 := "^ hBh{2nmo) if n e c^iQ;,)- 
if zz e N - 0^1. 



n 
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For n E &}, = o'li^h) U '^lilh)' the sequence (f'«,o)„ take only two values : 

• the closest eigenvalue from the family (a^(ft))j, to the real number hE; 

• or the closest eigenvalue from the family {^f>{h))f, to the real number hE. 
Now, we can give the first (non definitive) definition of our initial state. 
Definition 4.6. Let us consider the sequence {cn{h))^^^ defined by : 

f'u — f'n,0 



c„:=Cn{h)=K,x{i^^^j^\lnh\'r' 



Xo 



2h 



, n eZ 



where x G '^i^) > ^on null, non-negative and even, a' and 7' are two reals 
numbers; xo G I^(]R) such that ;\;o = 1 on the set ]— 1, 1[ and supp(xo) C 
[—1, 1]. We also denote 



Ki, :- 



X 






Inhl 



Xo 



V-n }hi,0 



fi(K) 



Let us detail this choice : 

1. The term x ( ^" //'"'° |ln/z|^ J localizes around the energy level hE (for 



technical reason we localize around the closest eigenvalues to E;,. 

2. Constants oc' et 7' are coefficients for dilate the function x- 

3. The function xo is a cut-off for eigenvalues out of the compact set [—h, h\ . 



4.2.3 Choice of parameter a.' and 7' 

The only way to have a localization for initial state larger than the spectral gap, 
and in the same time, to have a localization in the compact set [—h,h\; e.g to 
have in the same time : 

h /z*' 

« V < ^' 



|ln/t| "" \hxh['' 

is to take 

a' = 1; < 7' < 1. 

Remark 4.7. The larger choice for /i" / |ln/z|''' = hf |ln/z|''' is to take 7' = 0. 
Under this assumptions, we can forget the function xo arid we get : 

4.2.4 Second definition 

Definition 4.8. Let us consider the sequence icn{h))„^z defined by : 

where x G '^(IR) , non null, non-negative and even; < 7' < 1; and 
Kh-.-- 



}ln — }l„Q y 

x\ — ^j-^|in^r 



(?2(N) 
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Now, in the partial autocorrelations functions a(f) and b(f) appears the 

sequences [co-j^^ia j and [Ca2U) ) ' ^^^ simplicity let us consider the following 
sequences : 

Notation 4.9. Let us denote 

Ah := %{n) = KhX ((A(27r«) - Ah{2mto)) |ln/j|T') ; 

4.2.5 Last definition 

By Lagrange's theorem there exists a real number ^ = ^{n,h,E) e 3^;, ([~1/1]) 
such that 

Ah{2Tzn) - Ah{2nno) = A'i,{02Tz{n - no); 

since (see proposition 3.2) 



A',(0 



2n 



\\n{h}\ 



V~V"{0) 



0(1) 



we get 



2Tzin- no) J -V'iO) / 
Ahi27in) - Aui27zno) = ^ ( 1 



+ 



|ln/j| 



Definition 4.10. Let us consider the sequence (fln)n6Z ~ (^"(^))n6Z defined 

by: 

I n — no \ ^ 

where x G '^(IR) , non null, non-negative and even; < 7' < 1; and 



Kx, :- 



X 



n-no 



llnft 



1-7' 



f2(]N) 



So, clearly the sequence (fl»)„ G ^^(Z). Now, let us evaluate the constant of 
normalization K^ . Start by the : 

Lemma 4.11. For a function cp e 5(]R) and e e ]0, 1]; ive have : 

E f(l) =0(0. 

Proof. The starting point is the following remark : for all function xp E S(R.) 
and for all £ G ]0, 1] we have 



\e\>i 



n- 



0(1). 
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Indeed, for alH G Z, \(. 


>1 






Hi) 


M e^M 


M 


and since 


^ M 

E ^ < +~- 

i&z,\i\>i ^ 



we conclude. 

Next, we apply this to the function tp{x) := x-^^(p{x), where N e N; and 
we get for all N > 1 : 



E 

ei£Z,\i\>i 
So we prove the lemma. 
Theorem 4.12. We have 

Kh = - 
so 



<^^~E 



^ 



0(e^^^). 



^^{X^){0)\\nh 



i-'t' 



O 



ln{hY 



'«ll<;2(]N) 



l + O 



ln{hY 



Proof. By Poisson formula and the lemma above we get the equality 

= lln^l^-'^' 
Now, start with the equality 

li n-UQ \ _ ^ 2 I n-no 



d{x^){o) + o 



ln{h) 



E ^^ 1 



' / neZ 

Since the function ^ (^x^) is even : 



|lnft|l-'^\ 
1 



y y2 "-"0 

nhoo l|ln/l|l-T' 



ln(/z) 



-1 



E X 



2 / " - "0 



|ln/!|l"'^' / ■ 



E X 

n = — oo 



2 / W - Wo 



Inf^li-^'i „?/H|ln/^|'-'^' 



+ 00 

<B,,|ln/t|(l'^')''X 



1 



D 



„=i \n + no\ 
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And, 



B,\\nh\^'-'r'^'f^^-^<B,\\nh\^'-^'^' 



„=i \n + no 



du 



(m + mq) 



llnh 



(l-7')(*:-l) ^ 



(fc-l)ng-i- 



Now, since for /i — ?■ we have mq "^^^ x ' ^^ §^^' for /? — >■ 



|ln;j|(l-T')'c^^ 
consequently 



Bt 1 



(fc-l)n^i N'^-Hfc-l) 



'^-l|ln/j|(l-'^')'^ 






O 



ln(/z)^ 



So, we proove that 



X 



n-YiQ 



\h\h 



1-7' 



ln/2|i-'^'5(;^2\(0)^O 



/'2(N) 



hence X, 



/z 



^^ ^r-r + O 

_ 1 — 7' 






ln(;2)» 



ln(/z)= 
. For finish, we have 



^U' (o) + o 



1 



In(ft) 



l + O 



In(ft)'^ 



n 



4.3 The set A 

Definition 4.13. Let us define the sets of integers A = A(ft, £) and F = Y{h, E) 
by: 

A := {« e N, \n - mqI < |ln(/!)r} C N 

and 

F:=N- A 

where 7 is a real number such that 7 < 1 and 7 + 7' > 1 . 

Remark 4.14. Since 7 < 1, we have |ln(/z) |^ < |ln(/t) | , hence for h ^ we have 

Card(I;0~|ln(/!)|. 

So, for h small enough we obtain A C I/, . On the other hand, since 7 + 7' > 1 

we have |ln(/!)| ^^ <g; |ln(/!)|^; this mean that the set A is larger than the 
localization of initial state. 



Lemma 4.15. We have 






ln{hY 
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Proof. The starting point is the following inequality : 



2 / V- i„ |2 



n&T ne'Z,\n-no\>h^-^ 



a„ 



Next, with the same argument as in the lemma 4.11, we show that for all integer 
N>1 

E(^)"kI^-o('). 

Without loss generality, we may suppose that ng = 0. Next we write : 



y- la |2 - ;,2N(^'-l) y- 

nSZ, |n|>/i''-l nGZ, |n|>ft^-l ^ 



», \ 2N 1 
2 / « \ 1 

fl„| 






Since 3' > 5, we obtain ^ |fl„ | = 0(/z°°). D 



ner 



5 Order 1 approximation : hyperbolic period 

5.1 Introduction 

The aim of this section is to study the series : 

a : f H^ E |flH|^e-'f'4"(2'^"). 

Unfortunately this function is too difficult to understand. So, in this section we 
use an approximation of f i— > a(f), the tricks is explained in section 2.3. Here, 
by a Taylor 's formula we get : 

^(■f^ = y ^^^^^2^~it{Ai,{2nno)+A'i,{2nno)2n{n-no)+A'i;{02n^n-nof) 
neN 

where ^ = an,h,E) e yn {[-1,1]). 
Next, we need the following lemma. 

Lemma 5.1. Uniformly, on the compact set [—1, 1] zve have : 
A^Ko3^/,)(A) = o|j^ . 
Proof. Derivatives formulas gives for all x G 3^;, ( [— 1, 1] ) , the equality 



hence, for A E [—1, 1] 



- {yi: 


o Ah) (x) ^ 


iy'u- 


Ahf{x)' 


(A) = 


-ym 


{y'nfw 
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First, for all A e [-1,1] 



X'(A) = _,2^"W+^"W 



"3A2 



ar.(r,l+.£ffi) 



3A2 



arccos 



h£"{Xh)ln{h) 

( cos(g,,(A)) 

i Vl+exp(27Te(A/z)//7) 



And, for all A e [—1, 1] we have 



^^^ Q\{Xh)^Q'_{Kh) 



Oih) 



and 



h£"{Ah)ln{h) = Oihhi{h)). 



32 



Next, we study the term , 
have : 



arg(r(^ + z^))j : for all A <E [-1,1] we 



a 



a.,r,l.,^) 



a 

dX 



in„Mr|l + ,JM) 



Im 



ax inH2+'V 



Im 



,fl_^:^{Ah)\-, 



T'U + i'-^ ie'iXh) 



1 , ,-e{a?0 



rU + f 



e'(A/z)Re 



ra + f^ 



1, ,e(AfO 



r U + f 



,„„Ke(T(i + ,-£<^)); 



hence, for all A e [—1, 1] 



aA2 



a-.|rii + .'^) 



a 

aX 



,„„Ke(T(l + ,-jM) 



fe"(A/z)Re(Y('l+z^ 



(£'(A/!))^Im(T(i) 



1 , .e(A/z) 
1~ 



+ ! 



wher Y(^' is the first-derivative of di-Gamma function (Y(z) := -f})' ^^^ [Ab- 



St]). Hence the function 



-Ic 



,,„ORe(T(l.,£ii^) 



is equal to 0(1) on the compact set [—1, 1]. For finish, we estimate the term ; 



Ah^ 



aA2 



arccos 



COs(g;,(A)) 



^l+exp(27re(A/z)//i) 
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for all A G [—1, 1] we obtain 



aA2 



arccos 



cos(^h(A)) 



y^l+exp{2n£{Xh)/h) 



N;,(A) 
DhW 



where N;, (A) is a polynomial (with coefficients does not depends on h) in the 
variables : 

cos (ghW), sin {gi, ( A) ) , — (^,, ( A) ) , — 2 (g;, (A) ) 



^ie{\h)/h),^{£{Ah)/h),exp{27Z£{Ah)/h)). 






Hence A 1— ?■ N/;(A) = 0(1) on the compact set [—1, 1] . Next we have 

3 
Dft(A) = (l+exp(27Te(A/i)//;))^(l+exp(27Te(A/i)//j)-cos2(^;j(A)))^ 

since the function A 1— )• exp [2Tze{\h) / h) > is equal to 0(1) on the compact 
set [—1, 1] , we see easily that on the compact set [—1, 1] we have 



Ah^ 



1 



o(i). 



Next, on the set [—1,1 



arccos 



D,,(A) 

C0S(^;,(A)) 



v/l+exp(27Te(A/i)//!) 



0(1). 



Then on the compact set [—1, 1] we obtain that A l-^> 3^;" (A) = 0(1). For finish, 
since, uniformly on the compact set [—1, 1] we have the equality 



X(A) 



ln{h) 



-V"{0) 



we deduce that A ^ {A',' o y,,) (A) = O 



ln(;,) 



■0(1); 



on [-1,1] 



D 



5.2 Definition of a first order approximation time scale 

We have the following approximation result : 

Proposition 5.2. Let a a real number such that a < 3 — 27. Then, uniformly for all 
t e [0, |ln(/t)|"] we have: 

a(t) = ^ |fl„|2e-"(A(2/r,io)M',(2^"o)27r(„-no)) ^Q /|j^(^)|«+27-3\ _ 

Proof. Let us introduce the difference e{t) := £{t,h) defined by : 

£{t) := V |fl,,|2e-'fA(27rn)_ y |^^|2g-/t(A(2/r«o)+A(2^"o)27T(n-«o)) 
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Taylor-Lagrange's formula give the existence of a real number I, = l,{n, h, E) G 
3^,, ([-1,1]) such that 

An{2nn) = At,{2TTno) + A',^{2Tzno)27i{n - hq) + A'^{Q2n^{n - n^f; 

hence for all f > we get 



ef 



\an\ e 



2.~il{M2nno)+A',,(lnnQ)lK(n-no)+A',[(Q2n\n^nQf) 



neN 



I161N 
y |a^|2g-/f(A(27rao)+^;,(27rao)27r(n-no)) \^^itA'l{QlK^(n~nQf _ ^ 

With the sets r,A and by triangular inequality, we obtain for all f > 

E{t) < y |a,,|2g-'f(A{2/T"o)+-4;,{27r«o)27r{n-no)) l^-itA'il(02n^{n~nof _ ^ 
neA 



+ 



Y" \a |2e-'f(A(27rao)+^;,{27r«o)27r(H-no)) \^-itA',[(Q2n\n~nQf _^ 



n^T 



(1) 



First, look at the term the right part of the inequality above, for all f > we 
have 



y |a,j2e-!f(A(27rao)+^;,(27r«o)27r(«-«o)) \^-itA!l{l,)2n\n^nof _^ 






ln(/i)^ 



by the lemma 4.15. 

Now look at the left term of the inequality above. With the lemma 5.1: for 
all integer n G A and for all real number i G [O, |ln(/z) I"] we have 

tA!i(X)2-K\n - no)' < M |ln(/z) 1^+2-^-3 

where M > 0. Consequently, for all integer n G A and for all t G [O, |ln(/z)|'*] 
we have 

hence for alHG [O, |ln(/!)|"] 



E I""! 



-it(A(27r«o)M',(2^no)27r{n-no)) 



neA 



-ia;;(t)27r2(n-«o)' _ i 



<0 



(iin(^)r 



+27-3 



nSA 
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<0(|ln(ft)r+2'^-3) ^ |fl„|2 = o(|ln(/z)r 



neN 

So, for all t e [0, |ln(f!) I"] we get finally 

£(0 = o(|ln(ft)|"+2'^-3). 

D 

We conclude that, the principal term of the partial autocorrelation a(t) in 
the time-scale [O, |ln(/z)|'^] is: 

Definition 5.3. The principal term of the partial autocorrelation a(t) is defined 
by: 

a^-ti-^ V |g^ |2g-/t(^,,(27r«o)+^ft(27mo)27r{H-no))_ 
nSiN 

We also define the function ai by 

ai :f^ J2 |fl„|2e-'*-4;,{27rno)27r(n-no). 

Hence 
Now, we study this serie in details. 

5.3 Periodicity of the principal term 

Clearly, the function f h^ |ai(f)| is 1 /^^^ (2 ttoo) -periodic, so the approximation 
ai defines an important characteristic time scale : 

Definition 5.4. Let us define the h5^erbolic period T}iy„ = T}jy„{h, E) by 

T - 1 

Note that, smceA',^{0 =2ti/ ( j^'^^^,^ + 0(1 ) j ; hence for /; ^ we have 
Tfiyp ^ ^ |lr'(^0 1 ; where K > (not depends on h). 

5.4 Geometric interpretation of the period 

The period T;,„„ correspond to the period of the classical flow. The term |ln(ft) | 
is the signature of the hyperbolic singularity : indeed, the term |ln(/z)| cor- 
respond to the period of the classical flow with a initial point on the disc 

D{0,Vh) :={(x,0 eIR2, ^/FT|2 = V^j. 

Theorem 5.5. [Lab3]. Let us consider the point m/j = (-\/1z,0) e T*R. Then 

the Hamiltonian's flow associated to the function p and with initial point m;, is 
periodic and the period T;, verify, for h ^ 0, the following equivalent : 

|ln(;z)| 

where the constant X 7^ and not depend on h. 

Remark 5.6. See also the paper [DB-Ro] for a similar result. 
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5.5 Comparison between hyperbolic period and the time scale 

Since 7 < 1, we have 1 < 3 — 27; hence there exist a real number a such that 
a E ]1,3 — 27[. Consequently, we get 

|ln(/0| < |ln(/Or< \Hh)f~^'^- 
So, we can make a "good choice" for a : for ft small enough we have : 

0,T,J C [0,|ln(/z)r]. 



5.6 Behaviour of autocorrelation function on a hyperbolic pe- 
riod 



Now, let us study in details the function ai(f) on the period 
a technical proposition : 

Proposition 5.7. For all t >0, we have the equality : 



0,Th 



yp 






LHx- 



I In ft 



1-7' 



Proof. Let us consider the function df defined by 

2 -it2n{x-no)j — 

X l-^> \ax\ e 'w 

where f e IR is a parameter, and let us recall Ux is defined by 



. Start by 



'WP , 



x-no 



^S{x')iO)\lnh 



i^^lllnftli"-^' 



thus 



E l«"l 



-;f2/T(i!— no) jJ- 



''yp 



L^tir 



So clearly, the function Of e 5(]R), then the Fourier transform ^ (fJf) is equal, 
for all C e R, to 



^(nO(0 



d{x^)iO)\lnh 



1— 7 






llnft 



1-7' 



e -2/7r«o?;j I P^^ 



5^2) (0) 
With the Poisson formula we get 



llnft 



1-7' 



^ + 



T^hyp 
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nx'){o)]^^^y'' 



\h\h 



\-i 



''yp , 



D 



So, now, our goal is to study the behaviour of the serie : 



'^?(F)(o)P«(- 



lln/ill-T' 



''yp , 



Since the function 5^ (;^^) e 5(]R), it's clear that the only index £ e Z such that 
I £ + Y~~ ) i^ close to zero are important. More precisely : 

Definition 5.8. For all t e R, let us define l(t) = i(t, h, E) the closest integer to 
the realnumber —t/Tjiyp; e.g : 



(0 + 



Ti 



hyp 



dU,T,,ypZj; 



where d(., .) denote the Euclidiean distance on ]R. 

Remark 5.9. Without loss of generality, we may suppose i{t) is unique. On the 
other hand, for all integer £ e Z such that i ^ (i{t) we get : 



'+■ 



Lhyp 



> 



Lemma 5.10. For a function cp e S(R.) and e e ]0, 1] then, uniformly for w e R ice 

have : 

u 



E 

(:6Z, |£+!(|>i 



0(e~). 



Proof. We see easily that, uniformly for m G R we have 



L 

eez,\e+u\>^ 



9 



0(1). 



Indeed, since e G ]0, 1], without loss of generality, we may suppose u G [—1, 1]. 
And since for all « G [—1, 1] we have 



(p 



i + u 



< 



M 



e^M 



J ^ {i+,i)2 £2 . 



< 



M 



M 



'+u)2 i^^-2Kir 



and we conclude. 
Next, 



E 

:, |/'+h|>2 



' + M 



:,|^+«|>i 



' + u 



2N 



9 



^N 



(i + u) 



2N 
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„2NaN ^-^ I t + U 



< e2N4N ^ 



2N 



To conclude the proof, we apply that to the fiinction ^p{x) := x^^(p(x). D 

Theorem 5.11. Uniformly for t > we have : 



ln{hY 



Proof. Since the proposition 5.7 and with the lemma above we get for all f > 



E l^"l 



-it2TT(n~nQ)j^ 



hyp 



neZ 



5U2)(0) 



E^( 



X 



llnh 



1-7' 



i + 



Th 



yp , 



^^s{x'){-\^nht^'d{t,T,,,z))+0 



ln{hY 



Next, for all f > 



nGiN 



-it2n{n—no)Y^ 



hyp 



\a„\ e 



,— V^ I ,2 -if27r(n-no)Tf 



Ai/p . 



5U^)(0)f/M(" 



lln/z 



1-7' 



'w. 



_!, 2 -'f27r(«-rio)37— 



Hence, by triangular inequality, we have for all f > 



„ 2 -~it^^<,n-no)jX- 1 



Sixn -|in/tr''d f,r,,,pZ 



i-y 



< E 



C2)(0)^M(" 



Since, for all f > 0, we have 
1 



I In/; 



1-7' 



'/zyp 



+00 



^(^')(^)eMf) 



LHx 



llnh 



1-7' 



' + 



'hyp 



+ El«-"r- 

n=l 



o 



ln(/z)^ 



and 



+00 



E l«-«r = o 

n=l 



ln(/z)'^ 



So we prove the theorem. 



D 



24 



Now, we can formulate the main result of the section 5 : 



Corollary 5.12. We have: 

(i)for t such that t e Thyp'^ ^^ S^i 






_.j27r(«-«o) 
2. '%p = I 



(ii) For all £ > such that e < 1 — 7 , and for t such that 
|ln/z|''' ^'^; we get 



d ( t, ThypZ 



VV" 



E l««^""^ 



.^ 27i(n-no) 

"hyp = O 



neIN 



ln(/z)'^ 



Proof. The first point is clear For the second : if 

-|ln/!|i-'^'(£(f) + M;,(27r«o)) 
thus, we have : 

^(^2^(-|ln/z|i-'^'(£(f) + U;,(27rno)) 



> \\nh\ 



< 



(i+iin^r) 



<B,Jlnft| 



-ek 



for all integer fc > 1; so we prove the second point. 



> 
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6 Second order approximation : revival period 

6.1 Introduction 

In this this section, we use a second order approximation of the function t 1— > 
a(t), indeed by a Taylor's formula we have for all f > 



a(0 = E \'^"\ ^ 



it[Ah(lnnQ)+A]^(2nno)2n(n~no)+A'i[{2nno)2n\n^nQf+Af\Q2:^[n^nQy 



where C = l,{n,h,E). 
We need the : 

Lemma 6.1. Uniformly, on the compact set [—1, 1] we have 



\^[Af'^oyA{\) = o 



h\{hY 
Proof. With the derivatives formulas, we have for all x G 3^^ ( [— 1, 1] 



Af{x) 



yf °a)w 3(y//oA)'w. 



{y'noAhT{x) ^ {yioA,y{x) 
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hence, for all A e [—1/1] we get 



*■ " ' {y„)'w {yi'fw 

(3) 

First, let us estimate the function A i— )■ y^ (^)- For all A G [—1/1] ^^e have 



"3A3 



arg(r(-+;-^ j 



3A3 



arccos 



e(A^\ 

Uniformly, on the compact set [—1, 1] we have 
A i-> -h 



cosighiA)) 



v/l+exp(27Te(A/;)//z) 



,J^\xh) + e^^\Ah) 



0{h^) 



and 



A H^ h^e^^\\h) ln(7i) = 0{h^\n{h)). 

Next, let us estimate the function A ^^ ^ arg ( T ( j + i^^^^ ) ) 

[-1.1] 



for all A e 



aA3 






e(A70\ 



3A 



fte" 



'\Xh)Re(^(\+^'Sm\.i^^^^H)fl4^^^)(\ 



E{Xh)\ 



hh^^\Ah)Re(^(l+i'-^])+hs'\Ah)^ 



2+' h J 



-(^G--^))] 



-2fc'(A7!)£"(A7!)Im ( Y^^' Q + z^^ 



(e'(A.))^A 



i^Mruziffi 



7;2£(3)(A/i)Re ("y fl +f£iM^^ -3te"(A7;)£'(Afz)Im fl'^'^ (l+i 



h J 



(£'(Aft))^RefY(2)fl + / 



2 ' ' h 

e{Ah )' 
h 



ejAh) 
h 



-.3 

thus, the function A i— )■ ^ 



arg(r(l+z^ 



is equal to a 0(1) on the 
compact set [-1,1]. Now, for finish, let us estimate the function 



Ah^ 



aA3 



arccos 



COs(g;,(A)) 



v/l + exp(27re(A/z)//i) 



with the notations introduced in the proof of lemma 5.1, for all A E [—1, 1] we 
have 



3A3 



arccos 



COs(g;,(A)) 



^l+exp(27Te(A/z)/7z) 



dA \D,, 
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_ n^(a)d,,(a)-n,,(a)d;,(a) 

we have seen into the proof of lemma 5.1, that, on the compact set [—1, 1] 

1 



Ah^ 



DlW 



:0(1). 



By the same argument as into the prof of lemma 5.1, we show that A h^ N;' ( A ) D;, ( A ) 
N;j(A)D^(A) is to equal to a 0(1) on the compact set [—1, 1]. Consequently for 
all A e [—1/1] the function 



Ah^ 



aA3 



arccos 



COs(g;,(A)) 



^l+exp(27Te(A/j)//z) 



is to equal to a 0(1) on the compact set [—1, 1]. Thus, on [—1, 1] we have A i— > 

3^f(A)=0(l). 

Since, we have, uniformly, on the compact set [—1, 1] the equality 



y'hW 



we deduce, that the function 



ln(;j) 



sj-v"{0) 



■o(i). 



{yifw 



ln{hy 



on the compact set [—1, 1]. 

In the proof of lemma 5.1 we have seen, that, on the compact set [—1, 1] : 



A ^ X'(^) = O 



ln{h)' 



hence, on the compact set [—1, 1], we get 



thus 



Ah^ 



i(3) 






^^[A]^'oy,MA) 



o 



\n{h)" 



yhW , Hynw 



{yifw {yffw 



is equal to a O r-Tju on the set [—1,1 



ln(/i 
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Notation 6.2. Let us denote by Q2(X) = Q2{h, hq, X) the polynomial of ]R2[X] 
defined by : 

Q2(X) := Ah{2nno) + A't,{2nno)2n{X - hq) + A';{2nno)2n\X - n^f. 
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6.2 Definition of a new time scale 



Proposition 6.3. Let [ibe a real number such that (6 < 4 — 3'y. Then, uniformly for 



allt e 



0,\Hh)\ 



we have : 



a(0= E |fl«|^e-'*^^(") + o(|ln(/j)|' 



f37-4 



«6N 



Proof. Let us introduce the difference e{t) := e{t,h) defined by : 



e(0 := 






2 .-!fQ2(") 



Taylor-Lagrange's formula gives the existence of a real number I, = l,{n,h,E) G 
3^;, ([-1,1]) such that: 

Ah{2nn) = Ah{2nno) + A',X'2-nno)2Tz{n - wq) 
+A';{2nno)27z^{n - no)^ + A^\0^{n - n^f- 



hence, for all f > we get 

e{t) 



l_, \an\ e V ^ - E l""l ^ 

neIN nGN 



2.-;fQ2(«) 



E I"" 



2 .-/fQ2(«) 



-,Mf'(n^(«-"o)^_i 



With the sets F, A and by triangular inequality, we obtain for all f > 






E l«"l ^ 
ner 



2.-ifQ2(«) 






Since : 



E I"" 



|2.-ifQ2(«) 



_,-Mf'(?)Pfli{n-no)3 _ i' 



<2 J]|fl„|2 = 



ln(;z)'^ 



by the lemma 4.15. 

On the other hand, with the lemma 6.1: for all integer « G A and for all real 



number t G 



Q,Mh)f 



tA^^\0^^{n-n,f <M|ln(/z) 1/^+37-4 
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where M > 0. Thus, for all integer n e A and for all real number f e 0, \ln{h) \ ' 
we have 



hence for all t E 



0,\\n{h)\ 



we get 



E 1^" 

neA 



l^p-itQlin) 



-/UfK)^{n-no)3_^' 



<0(|ln(/.)r3'^-4)El«« 



neA 



<0(|ln(/.)r3.-4X ^|«„|2 = o(|ln(ft)| 



So, for all t E 



0, |ln(/j) I'' we get finally 



5+37-4 



£(f)=o(|ln(/z) 1/^+3-^-4). 



D 



Definition 6.4. Let us define the second order approximation of the partial 
autocorrelation a(f) by : 

And we also define the function 

^2: t^ y Uj |2g-if(-4;,(2'rno)27r(n-no)+.A;,'(27r«o)27T2(n-no)^)_ 
IIGIN 



Thus, we get 



and, we have also 



|a2(f)| = |a2(t) 



a2(f) = e-'fA(2/rno)3'2(f) 



y Iqj |2g-'f(-4;!(2"«o)27i(«-«o)+A'(2"'"o)27r2(n-iio)2 
JIGN 



6.3 Full revival theorem 

Let us start by some notations. 

Definition 6.5. Let us define the revival time Trev = TrevQi, E) by ; 

T ' 

'-rev 



TzA'/(2nno) 



and we also denote the integer N/; = N{h) defined by : 

T„ 



N,, := E 



Ti 



hyp 



eN. 
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Hence, there exists an unique real number 0/, e [0, 1 [ such that : 



''i/P 



Proposition 6.6. If we suppose that 



lim(X'oA)(27rno)=^ 



where K j^Oisa constant, then 




i rev = 


l'"«l' 3 +0(1) 

K{-V"{Q)y 


Proof. Since 




T.,„.. - 


(XoA)'(27rno) 



if we suppose that 
then we deduce 



n{y;oAh){2nn^)' 



lim(X'oA)(27r«o)=X; 

h—T'Q 



■ln(/i)' 



x(-y"(o)) 



0(1). 



The full revival theorem is the following : 

Theorem 6.7. With the previous notations we have : 
(i) if @h = 0; then for alH > : 

aiit + NhThyp) = aiit + Trev) = ^2{t); 

(ii) if 0,, e]0, 1 [, then for all f > 

a2(f + N;,T,,yp) = 32(0+0 

in particular, we have 

aiit + NuT^yp) =|a2(f)| + 



ln(/!)2-27 



ln(/;)2-27 



f. For alH > 


















aiit + NhThyp) = 




|2g r,,yp 


("- 


"0 


)^-2in 


(t+Tn-o- 
'l 


-Thyp&h) 
■ev 


= L 

neisr 


\anfe 


-2/777^ (n 


-"o) _ 
e 


2/71 


(f- 


hev 


(n-no 


)\ 



u 
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If we suppose that 0;, = 0; then for all f > 

a2(f + N,,T;,yp) = a2(f). 
Suppose that 0;j e]0, 1 [, then for all t e 1R+ 

a2(f + N;,r,,j,p)-a2(t) 



> |fl„| e "VP e 'rev ^ "' 



ugN 



> \a„\ e "vp e t^"-" " 



nGiN 



< 



V- I. |2„^2'''^("-"o) -2i7rT^(n-no)2 ( linQ.llMln-nof . 
> fl„ e "yP e r,-e„ ^ "' I e " 'rev ^ u/ _ -^ 



nGA 



V- I ,2 "2/7rjJ-(;i-Ho) 2i7rJ-(n-no)2 /^„2m0,,-^(«-no)2 .A 
iiGF V / 

For all integer n £ A we have {n — uq) < \ln[h) \ ^, hence, for /; — ?■ 0, we get, 
for all integer « e A 



^2in@„J!Min-nor 



l + 0(\ln{h)\ 



27-2 



Thus, for all f > 



<0(|lnW|^'^-^)El««l' 



neA 



<0(\ln{h)\''y-') ^|a„|2 = o(|ln(/z)|2'^-2 



neN 



On the other hand, we have 






hGF 



ln(;j)^ 



D 
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Remark 6.8. For /z ^> 0, we have 

Mi T^hyp _ -' rev ~ ";, 1 jjyp ^ fc)/; 1 j^yp 

i rev ^ rev ^ rev 

thus, for h ^ we have also 

The previous theorem show that the fimction f l-^■ a2(f),is, modulo O I |ln(/z)| ^~ j, 

periodic, with a period equivalent ( for /; — > 0) to T,,.!,. This is the full revival 
phenomenon. 

6.4 Fractional revivals theorem 

The aim of this section is to study the djmamics for time close to ^ Trev , where 

6.4.1 Preliminaries 

Notation 6.9. For all {p,q) E Z x N* let us consider the sequence {crf,{p,q)) 
defined by : 

(c.„(p,^))„:=.-M("-o)\„ez. 



The periodicity of this sequence is caracterised by the following easy propo- 
sition. 

Proposition 6.10. For all {p,q) e Z x N*, the sequence ((T^{p,q))^ is (-periodic if 
and only if the integer £ satisfy the equation : 

Ivl vlp- 
Vm e Z, -^—m+^-- =0 (modi), 
q q 

Now, we solve this equation. 

Proposition 6.11. Suppose p Aq = 1, then the set £ of solutions £ such that : 

2v£ vf- 
Vm e Z, -^—m + ^-- =0 imodl) 
q q 

is caracterised by : 

(i) if q is odd then £ = {^Z} ; 

(ii) si q even and | odd then £ = {^Z} ; 

(in) si q even et | even then £^ = ||Z} . 

Proof. Let us start by a remark : to be a multiple of q is always a necessary 
condition to be a solution. Now, let us study sufficient conditions. We have 

£ e f ^ Vm e Z, ^iM + — = (modi) 
q q 

^Mmel., q\{2pim + pf); 
32 



and, since p /\ cj = 1, by Gauss lemma we have 

£e£ <^ymEZ, q\{2lm + f). 

Let H an integer solution of £; then if we take m = we see that q\i'^, hence 
there exist a e Z such that i^ = aq. On the other hand, since for all m e Z 
we have q\{2im + f-) we deduce that for all m e Z, there exists /5,„ e Z such 
that 2lm + £^ = fimq- Thus, since £^ = acq, we get for all m E "Z. the equality 
2(.m + aq = f^mq- In particular, with m = 1 we deduce that : 

2£ = (/3i - «)<?. 
• If q is odd : then a j6i — a is even; thus I = q, and q\(., thus 



£ = {qZ}. 

•If q is even : then £ = (/5i — a) |; thus ||£. If we write £ = k^ with fc e Z, 
then 

^ 2pi pf , pfc^fl 

q q ^ A 

Thus 

Mm e Z, fcpm + ^— ^ e Z <=> pfc^(j e 4Z. 

And, since p is odd, finaly we get, with £ = fc| : 

2pi pf , 

Vm e z, -^?n + i^ e z <=> rfl e 4Z. 

Then, we have two cases : 

• if I is odd : then k^q E 4Z <^ k^ is even, equivalent to k even, hence 
£ = fc| is a multiple of q, hence £ = {qZ}. 

• If I is even : then q = Aq' where q' e Z*, hence for all fc e Z; k^q = 
k^Aq' e 4Z , thus £ = {|Z}. D 

For a period £ G Z, let us defined the set of sequences ^—periodic with a 
scalar product. 

Definition 6.12. For a integer £g Z*; let us denote by &({Z) set of sequences 
^—periodic : 

&({Z) := JMn e C^; Vn e Z, m„+^ = m^} . 

So we have the : 
Proposition 6.13. The application 

ef(z)2^c 
[u,v) ^ {u,v)q^ ■= m I^ "'^^ 



S:=0 



fs a Hermitean product on the space &e{Z) . 
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Proof. The proof is elementary. D 

Proposition 6.14. Let us consider cp^ := e ~ where {k,n) E Z^; then the family 
\ [<Pn) \ is an orthonormal basis of the space vector @({Z). 

Proof. For £ > 0, the family ] ( <^„ ) \ is clearly a familly of £ vectors 

of 6f(Z). Next, for all pair (p,(j) e {0...^ - 1}^ wehave 

So-^f^J,) \ is a orthonormal basis of the space vector ©^(Z). D 

6.4.2 The main theorem 

Theorem 6.15. For all {p,q) G Z x N* such that p Aq = 1; there exists a family 



of £ complex numbers ( bi-(£) ] where the integer £ G Z is solution of 

^ V "^ Vfc6{0...(?-1} * 

Vm e Z, ^m + ^ = [11; 
q q 

such that for all t e [O, |ln(/z) |"] we get : 

al (^t + ^NhTny,^ = J^hWa^ (t + Tuyp (j + ^^h^) + O (lln^r+^T-s^ 

The numbers b}^{i) are called fractionnals coefficients; and for allA:e{0...£ — 1} 

— linkun 

\{£) = e-^\{€) 



where 

\{t) = bkihj) = U{p,q),cp'^) = ^J2 



1 v-^ -lin^in-llnf _2inkn 

— \e 1 e ^^ . 



n=0 



Trev 



Moreover, if we suppose ^rf^ G Q, then we have 

hyp 
32 [i + ^Trev) = E ^{1)^1 (t + T,,yj, + ^Nh 

Proof. Let us denote the integer n := n — hq; and let us consider ^ G Z a 
solution of the equation £. So, we have for all f > 

And, since Trev = '^hThyp + ®}i^hyn we have 

NT Pi T 

r,- p Ji hup ~2 r, ■ p~2 r-t -—P h hyp —o 
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and 



e 1 = e 1^ ' G &f 



hence, there exist a unique decomposition of the sequence ( e "" " '' 
the basis (cj)'^ 



2i7r£(n-no)2 



ke{0...i-l} 



on 



-2!7r£H2 -2iTT^(fi-nor 

e 1 = e <i^ "' 



k=0 ^ ' ®« 



/c=0 



Thus, for alH > 



a~2(f+^N,,T;,yp 



E I"" 



lin-r^li _2ij,'ji2 -2i7T^nN, '^ ^ 



2 „ J,,,,„-- -ZfTTT^H'^-ZJTI'rfim;, 



7 1 p ^ hev 



nGN 



k=0 



A 



E E hW |a„|^r^'"^'.-2-^^%-M^^'^.-2-!».^-^4^^\ 



For all f > we have 



k p 



-lin-J^n 



T^'\-2in!in-2inlN,n 



ai(f + T,,p(- + ^N,jj = E l««^ --...V^-?..-"^""^ 



thus. 



E^'fcWaiff + T.ypf^ + ^N, 



£-1 



^''^Tif-" -2m|ii„-2/7r^N„« 



Ee-^^^'icWE l^nl^ ""\v/e-2-f«e^^'n 



fc=0 «e]N 



"2'"lT— " -2;7ri? -2m!^N,,n 



Hence 



32 ( f + ^NhThyp] - E ^)c(^)ai ("f + r,,yp Q + ^Nh 



-2/71111 n 



-2;7t£«N,, _2i7rfci / _2i7r ' H^ +2!7r£ 



p2h]jnip_~2 



nG]N/c=0 V , 

with the sets A, T and by triangular inequality we get : 



< 



tieTk=0 



^'^Tt-/'.-2inlnN„^-2Jn^ / _2/,r^^2^+2/7r£^^2 
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neAk=0 



2'"T^" -2i7T^nN,, -2Mn ^2i7T^n^ +2inS. 'JJ^n^ 



Increase the first serie : 



q "g f g Trev £ 'f irev 



@lJl„ 



j:i:\an\'h{e)e 

neTk=0 



^i^nt" .-2inl^nN.^Zil$n / .ij,i_f,2+2in£-JiJ^n^ 



'hyp e~ ^ ''e 



Trev"^ g ' ^'"' ? Treu 



'f-1 



<2(El««rl (El^fcWIj =o 



ln(/2)^ 



Next, for the second serie, observe the following term : 



p2ii\p_~2 



Trev g q hev 



-2,7r(f+0,r,,„4)^H2 



For all n e A and for all t £ [O, |Ln(/z) |*] there exist a constant C > such that 



t + 



®hThijpP\ {n -hqY 



<C |ln(ft: 



i2"f—3+a 



^ / J rev 

Hence, there exist A> such that for all t e [O, |ln(/z) |*] 



\n{h)\^'^"^) <2C\\n{h)\ 



27-2 



Y:j:\an\'b,ii)e 

neAk=0 



2''^l£:".-2m£nN^ -2iz*. / _2m4^ +2/7r£ ^^^ 






"T^i't— T' 

"fB g >! rrcp 



+00 



< A |ln(/z)|2'^-2 ^ |^^|2 < ^ |ln(/z)|2-)'-2 ^ |„,^| 
For finish, the case where f = and y^ e Q is clear. 



''!/(' 



n 



Corollary 6.16. We /lai^e t/ze equality : 



Proof. Since fo/f(£) = (aj,{p,q),^'^) and ((|'' 



)c=0 



A 



/Sf V /ke{O..I-l} 



is a orthomoral basis 



of the space vector ©(-(Z), by Pythagorean equality we get 



k=0 



Now, let us examine the case 77 = 1 and the case f = i • 

Corollary 6.17. W/f/z the same notation as in the theorem 6.15, we have 
(i)forallte [0,|ln(/z)|'*] 



|fl:+27-3 



a2(f + NhThyp) = ai(f) + O |ln(/j)| 



D 
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(Wforallte [0,|ln(/!)|''] 



2 ;■ 'V V 2 ; "^^ 

in particular, ifNf, is odd, then : 

al(f+^) =al(0 + o(|ln(/z)r^'^-3 

and ifN), is even, then : 

al [t + ^) = al {t + ^)+0 {Mh)r'^-' 

Proof. In the case (i) : p = 1, q = i = 1; thus by the previous theorem we get, 
foralHe [0,|ln(/z)|«] : 

a~2 (f + ^NiJuyp^ = bo(l)ai (f + Tr,yj,Nn) + O (|ln(/z)r+2'^"3 

and bo{l) = ie^^iTrng ^ ^^ ^^^g 

&~o(l) = 1. 
Next, for the case (ii) : p = l, q = i = 2, then 



32 U + ^N;,T,ij,p 



fco(2)a~i ( f + ^1^^ ) +;;i(2)a~i ( f + T;„, ( - + ^ ) ) +0(|ln(/i)| 
We have 



thus 
And 



then 



bo{2) = -e-^'"'^"o + le-2/7ri(i-«o)2 ^ g 



&~(2)=e^''^"o(-l)"o = l. 
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D 



6.5 Explicit values of modulus for revivals coefficients 

About the coefficients bi^{£) we just know that : 

2 



£-1 
k=0 



1. 



But we can say more. We can calculate b^i^) = |&j:(i')| for all fc. From the 
proposition 6.11 we consider two cases : the case t = q and the case £ = |. 



6.5.1 Case £ = cj 

If the integer q is odd we have : 

Theorem 6.18. [Lab2]. For all integers p and q, such that p Aq 
then for all k £ {0...q — 1} we get : 



1 and q odd. 



\hiq)\' 



And in the case q even : 

Theorem 6.19. [Lab2]. For all integers p and q, such that p Aq = I and q even, 
then for all k £ {0...q — 1} we get : 



If ^ is even, then : \bi^{q)\ 



n r. 

If ^ is odd, then : \bi^{q)\ 



I if k is even 

else. 
if k is even 

^ else. 



6.5.2 Case £= ^ 

It is the case q e 4Z. 

Theorem 6.20. [Lab2]. For all integers p and q, such that p Aq = 1 and q e 4Z*; 
for all k e {0...2 — 1} we have 



6.6 Comparison between time scale approximation, hyperbolic 
period and revivals periods 

Since 7 < 1 we have 1 < 3 — 2j, thus there exist a such that a e ]1, 3 — 27[; 
hence : 

|ln(/i)| <|ln(ft)|"< \ln{h)f-^'^. 



38 



So we can choose a such that : for h small enough : 

'0,Thyr] C [0,|ln(/2)r]. 

Next, with 7 < 3 we get 3 < 4 — 87 and there exist /5 such that j6 e ]1,4 — 37[ 
hence : 

\\n{h)f < \\n{h)f <\\n{h)f^^'^■ 
so, for h small enough we have : 
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